Abstract: Three-fold quasi-homogeneous isolated rational singularity is argued to define a four dimensional N = 2 SCFT. The Seiberg-Witten geometry is built on the mini-versal deformation of the singularity. We argue in this paper that the corresponding SeibergWitten differential is given by the Gelfand-Leray form of K. Saito's primitive form. Our result also extends the Seiberg-Witten solution to include irrelevant deformations.
Introduction
The low energy effective theory of Coulomb branch of a four dimensional N = 2 quantum field theory is described by a special Kähler geometry (SKG) [1] [2] [3] [4] . The determination of SKG is often solved by finding a Seiberg-Witten (SW) geometry, which involves a SeibergWitten curve fibering over Coulomb branch and an associated SW differential [5, 6] .
More generally, it is argued in [7, 8] that one can get SW geometry by using three-fold fibration over the Coulomb branch. The construction goes as follows: let us start with an isolated rational three dimensional quasi-homogeneous hypersurface singularity f : C 4 → C. This defines a four dimensional N = 2 superconformal field theory (SCFT). The SW geometry is expected [8] to exist on the mini-versal deformation of the singularity F (z, λ). One important missing ingredient in [8] is that the SW differential was not specified.
Over the mini-versal deformation space of the singularity, there exists special families of volume forms called primitive forms. This is a deep notion introduced by K. Saito [9] by solving a version of Birkhoff factorization problem that arises from studying Hodge theory of isolated singularities. It was later realized that primitive forms play fundamental roles in 2d topological field theory [10] : they produce Frobenius manifolds or solutions of WDVV equations for 2d Landau-Ginzburg models. See [11] for an exposition on this topic.
The purpose of this note is to show that the primitive form [9] studied in 2d LandauGinzburg model context leads to the desired SW differential. Our main statement about the SW differential of N=2 SCFT from three dimensional hypersurface singularity f is ζ primitive form =⇒ ζ dF Seiberg-Witten differential .
Here F is a miniversal deformation of f . ζ is a primitive form, which in our three-fold geometry is a special family of holomorphic 4-form parametrized by the miniversal deformation.
ζ dF is the Gelfand-Leray form of ζ, which gives a family of holomorphic 3-form on each smooth Milnor fiber of F . In particular, the period map of ζ dF over vanishing homology leads to desired Seiberg-Witten geometry (see Section 3.4). The main support for the connection between primitive form and SW differential is about the integrability condition (2.12) for the existence of N = 2 prepotential arising from the Seiberg-Witten period map. The verification of such integrability requires understanding the relationship between the intersection pairing for vanishing homology and the period map. Primitive form provides precisely such a connection [9] (see (3.42) ).
The primitive form ζ is the analogue of the holomorphic 2-form ω in the usual curve geometry of Seiberg-Witten. However, there is a difference between three-fold geometry and the curve geometry. In the curve case, the SW differential is given by a 1-form λ such that ω = dλ. The analogue of λ is the Gelfand-Leray form of ζ (−1) , which we call the first descendant of ζ (see (3.27) ). The SW differential for three-fold geometry picks up ζ instead of ζ (−1) for curve geometry, by the reason of shift of Hodge theory arising from the shift of dimension (see Section 3.4 for details). In general, there exists infinite many descendant forms which is an important ingredient in K.Saito's theory of primitive form. They are captured by the Brieskorn lattice (see Section 3.2), which physics connection to gravitational descendants were studied in the 2d Landau-Ginzburg context [12, 13] and in the topological string field theory context [14] .
In the case of 3-fold ADE singularities, the primitive form is unique and does not depend on deformation parameters. In other words, it takes the form
where x i 's are linear holomorphic coordinates on C 4 . The associated SW differential takes the familiar form in the literature [7] . The same statement holds when irrelevant deformations are not present (see Section 3.5) . This includes a large class of four dimensional N = 2 SCFT by compactifying 6d (2, 0) theory on a Riemann surface and then engineering using the 3-fold singularity. Beyond ADE singularities and with generic coupling turned on, the primitive form may not be unique and it varies nontrivially with respect to the deformation parameter, whose closed formulae are generally unknown (see Section 3.5 for some examples). This raises the interesting question on determining the precise SW differentials. Our result extends the Seiberg-Witten solution to include irrelevant deformations in this general context. This note is organized as follows: Section 2 reviews the construction of 4d N = 2 SCFT using singularity theory, and we discuss the integrability condition that a SW differential has to satisfy; Section 3 introduces the notion of Brieskorn lattice and primitive forms in singularity theory. We show that the Gelfand-Leray form of primitive forms solve the integrability condition of SW differentials and present several examples of primitive forms.
Singularity and Rigid special Kähler structure
In this section we review the construction of 4d N = 2 SCFT using singularity theory [7, 8] . We give a geometric formulation of special Kähler geometry that will be convenient to our study of primitive period map for Milnor fibrations.
Singularity and 4d N = 2 SCFT
We start with an isolated three-fold hypersurface singularity f : C 4 → C with an effective C * -action:
Such f is called quasi-homogeneous, and q i is the weight of x i . The number
is the central charge of the associated two dimensional (2, 2) SCFT defined by a LandauGinzburg model with superpotential f . To define a 4d N = 2 SCFT, we need
The SW geometry is described by the mini-versal deformation of the singularity:
Here φ α is the basis of the Jacobi algebra Jac(f ):
is called the Milnor number. The mini-versal deformation space M is locally parametrized by λ α . One can define a scaling on base parameter λ α :
Here Q α is the charge of φ α under C * action defined in (2.1). Using above scalings, the base parameters are separated into three categories: 
Because of this pairing, we have µ = 2r f + m f . At a generic point parameterized by λ, the low energy theory is described by a U (1) r f abelian gauge theory, and the effective theory is described by effective photon coupling τ ij (λ) whose determination is a central task of understanding a four dimensional N = 2 theory. Strictly speaking, the above discussion is valid at the UV point λ = 0. When we deform away to arrive at a generic singularity F , we have to use a set of special flat coordinates τ α on M to parametrize the mini-versal deformation space. The flat coordinates τ α has the same rescaling weight of λ α and they coincide at the first order
The above description of Coulomb parameters, mass parameters and coupling constants should use the flat coordinates τ α instead at a generic point of mini-versal deformation.
The existence of such parameters is a general consequence of K. Saito's theory of primitive form [9] . For ADE singularities, the primitive form is the trivial volume form ζ = dx 1 ∧ dx 2 ∧ dx 3 ∧ dx 4 [9] , and the flat coordinates can be understood from the study of the oscillatory integral over Lefschetz thimbles (for example (3.39)) e F/t ζ.
In this case, flat coordinates are explicitly known [15] [10]. Beyond ADE and simple elliptic singularities, explicit formulae of primitive form and flat coordinates are generally unknown. Nevertheless, they can be computed perturbatively in order of λ α [16, 17] . We define a Coulomb slice U ⊂ M to be a subspace of M where the coupling constants and mass parameters (in terms of flat coordinates τ α ) are fixed to be constants. U is parametrized by the expectation value of Coulomb branch operators and has dimension r f . Our goal is to establish Seiberg-Witten geometry on each Coulomb slice.
Seiberg-Witten geometry
The low energy effective theory defines a rigid special Kähler geometry, which can be defined in many ways. Here we use the following descriptions:
Definition 1: There are 2r holomorphic one forms [18] : e A α dz α , A = 1, . . . , r, h A α dz α , A = 1, . . . , r, such that U α = (e A α , h B α ) satisfies:
and
Here the symplectic bracket is defined as
In overlapping region, the transition function is:
with c ij ∈ R and M ij ∈ Sp(2r, R). Definition 2: We have a 2r dimensional holomorphic symplectic manifold X with a holomorphic symplectic (2, 0) form ω, and a map π : X → B such that the fibre is Lagrangian, i.e. the restriction of ω on fibre is zero. So the fibre is an abelian variety and we also impose a polarization on the fibre which is given by a real positive two form η. The Kähler metric on the base B is given by integrating form η r−1 ∧ ω ∧ω over the fibre [19] .
The special Kähler geometry can be often found by using a curve fibration over the Coulomb branch and an associated Seiberg-Witten differential. For a rank g theory, its SW geometry might be specified by finding a genus g Riemann surface firbration over a g dimensional subspace of its deformation space (which has dimension 3g − 3, g ≥ 2), and by finding a SW differential λ. Once the SW curve and SW differential λ are found, one can find low energy effective theory by studying the period integral of λ (definition 1 of SKG), and one can also translate the period integral interpretation in terms of an abelian variety fibration (definition 2 of SKG) . There are many examples of above type in the literature, however, there seems to be no systematical understanding.
In our case, we have a 3-fold fibration, and the SW differential is expected to be a three form. Let us now discuss what is the constraint from special Kähler geometry on volume form which we also called Seiberg-Witten differential. For simplicity, assume the vanishing of mass parameters so that the intersection pairing on the vanishing homology H 3 (F −1 (0), Z) of the Milnor fiber is non-degenerate. Let us choose a symplectic basis (A i , B j ) such that their intersection numbers are given by
Our purpose is to find a 3-form Ω such that
gives rise to special Kähler geometry on each Coulomb slice (so the variation ∂ τα is only along Coulomb moduli). Ω will be called the SW differential in the context of singularity theory. The period integral is holomorphic and the equation (2.7) is satisfied. The first equation implies that the following intersection pairing involving forms Ω vanishes:
Here −, − is the induced intersection pairing on cohomology. Ω is viewed as giving a section of the vanishing cohomology and ∂ τα Ω is the derivative with respect to the GaussManin connection along Coulomb moduli. This condition puts severe constrain on the choice of Ω.
Geometrically, let H denote the cohomology H 3 (F −1 (0), C) which are locally identified (away from the discriminant locus) for each Milnor fiber in terms of the flat Gauss-Manin connection. Assume for simplicity the vanishing of mass parameters, so H is a natural symplectic space whose symplectic pairing is induced by the intersection pairing. The period map of Ω over the vanishing cycles can be viewed as locally defining a map
A choice of sympletic basis allows us to decompose into isotropic subspaces
where H + are dual to A-cycles and H − are dual to B-cycles. In particular, we can identify
, we denote the natural holomorphic 2-form
ω and η in fact does not depend on the choice of coordinates associated to A,B-cycles. Let U ⊂ M be a Coulomb slice. Let us denote the restriction of the above period map to Coulomb slice by P : U → H.
Then condition (2.12) says that P * ω = 0.
Together with primitivity condition, it implies that P embeds U locally into a Lagrangian submanifold of H. Under the identification of H with T * H + , we find holomorphic function
is given by the graph of the 1-form dF 0 viewed as a section of T * H + . Then F 0 is the Seiberg-Witten prepotential on the Coulomb slice U . We expect that P * η would give a Kähler form on U . It would be an interesting problem to justify this positivity condition.
Primitive form and Seiberg-Witten geometry
In this section, we explain K. Saito's theory of primitive forms [9] associated to isolated singularities and establish its relation with Seiberg-Witten geometry. We show that the Seiberg-Witten differential is given by the Gelfand-Leray form of K. Saito's primitive form.
Jacobian algebra and residue
Let f : (C n+1 , 0) → (C, 0) be a holomorphic function with an isolated singularity at the origin 0. Let X denote the germ of C n+1 at 0 with coordinates {x i } and ∆ be the germ of
where α i 1 ,··· ,i k (x)'s are holomorphic functions around 0. We consider the quotient space
Elements of Ω f are given by equivalence class of (n + 1)-forms on X. Given α ∈ Ω n+1 X , we write [α] for its class in Ω f . Then for two elements α 1 , α 2 ∈ Ω n+1 X , they define the same class in Ω f if and only if they differ by the form df ∧ β for some β ∈ Ω n X :
Let C{x 1 , · · · , x n , x n+1 } be the germ of holomorphic functions at 0. Let us define
the quotient of C{x 1 , · · · , x n } by relations generated by the partial derivatives ∂ 1 f, · · · , ∂ n+1 f . Jac(f ) is called the Jacobian algebra of f . The assumption that 0 being an isolated singularity of f implies the Milnor number
It is easy to see that we can identify
In fact, a n + 1 form is specified by a holomorphic function g, and a n form is specified by a vector h i . The equivalence relation in (3.1) implies that
which coincides with the equivalence relation in Jacobian algebra.
In this paper, we will mainly focus on the case when f is a polynomial. In this case we can replace C{x 1 , · · · , x n+1 } by the polynomial ring C[x 1 , · · · , x n+1 ] and identify
Intrinsically, there exists a non-degenerate pairing given by the residue at 0 (see [20] )
where
Here Γ is a cycle in X defined by {|∂ 1 f (x)| = · · · = |∂ n+1 f (x)| = ǫ} for ǫ > 0 a small enough positive number. We have left with a freedom of normalization constant. Let us consider the case when f is a quasi-homogeneous polynomial
This C * -action induces a natural homogeneous degree on C[x i ] and Jac(f ) denoted by deg:
It turns out that we can choose a basis of Jac(f ) represented by homogeneous polynomials {φ α } α=1,··· ,µ such that
The residue pairing is completely determined by the ring structure of Jac(f ) and the normalization constant on the top degree element φ µ
Res f (dx, φ µ dx) = C = 0.
In fact, let g, h ∈ Jac(f ) be two homogeneous elements. Then
A useful consequence is that
This will be crucial for us to obtain Seiberg-Witten differential in singularity theory.
Brieskorn lattice and descendant forms
The space Ω f is the leading term of the Brieskorn lattice
which plays an important role in the Hodge theory of singularities. Here we take a quotient of Ω n+1 X by elements of the form df ∧dβ for some (n−1)-form β. There is a natural surjection
f carries important analytic structures that capture various properties of vanishing cycles associated to the Milnor fibration f . To see this, let us introduce another quotient
Here z is new variable, and Ω k [z −1 ] are k-forms valued in the polynomial ring
] is represented by a finite sum
Note that we do not include positive powers in z here. 
Consider the natural map
by sending a (n + 1)-form to its class in H f . We claim that
In fact, df ∧ dΩ n−1 X lies in ker ϕ since for any β ∈ Ω n−1
On the other hand, let α ∈ ker ϕ. Then there exists n-forms β i such that
Comparing each order in z, this is equivalent to
The last equation implies that β k = df ∧ γ k for some (n − 1)-form γ k since the complex
is exact around 0. Then df ∧ (β k−1 + dγ k ) = 0, which implies the existence of (n − 1)-form
Working backwards we find α ∈ df ∧ dΩ n−1 X . As a consequence, ϕ induces an embedding
H f carries a natural action by multiplying z −1 . Less obviously, this operation is in fact invertible on H f ! In other words, the inverse of z −1 -multiplication, which we simply call the z-multiplication, is also well-defined on H f , even though positive powers of z have not appeared in our definition. The operator of z-multiplication is defined as follows.
For
The nontrivial part is to see how the z-multiplication acts on
f . Since α is a top form, there exists β such that
Then the z-multiplication on α is defined by
Its class in H
f doesn't depend on the choice of β. In fact, if we have α = dβ ′ , then there exists γ such that β ′ = β + dγ. We have
which defines the same equivalence class in H
f . Symbolically,
Therefore we have a well-defined operator
It is easy to check that such defined z-multiplication operator is inverse to the manifest z −1 -multiplication on H f , justifying the name. If follows from the above description that Ω f is precisely the quotient
Moreover, there exists a covariant derivative ∇ z defined on H f by
It has a manifest meaning in terms of oscillatory integral
Remark: The differential structure on H f in z-variable is precisely the Laplace transform of the Gauss-Manin connection associated to the local system of vanishing cohomologies for the Milnor fibration f : X → ∆. For reader's convenience, we identify our notations
where t 1 , δ 1 are the notations used in [9] . Then t 1 can be viewed as the coordinate for the image ∆ of f : X → ∆. Geometrically, the Laplace transform connects oscillatory integral with period integral by
Here Γ t 1 is the intersection of Γ with f −1 (t 1 ).
α df is the Gelfand-Leray form [21] of α. As a nontrivial analytic result of this fact, for any power series h(z) = k≥0 a k z k in z such that its Borel transformation k≥0 a k z k k! is convergent at z = 0, the above z-multiplication extends to a well-defined h(z)-multiplication on H f .
Remark:
If we forget about the analytic structure, then the formal completion of H (0) f and H f with respect to the z-adic topology are given by [9] 
Here Ω Definition: For any integer k, we define the subspace of H f
In particular, a (n+1)-form ω determines an infinite tower of elements {ω, ω (−1) , ω (−2) , · · · } in the Brieskorn lattice. Note that the k-th descendant has the meaning of k-th gravitational descendant in 2d Landau-Ginzburg models [12, 13, 16] . Let us take a closer look at H (−1) f
. We have seen above that H
f is relevant for the oscillatory integral. The space H (−1) f is in fact relevant for the period map over vanishing cycles. To see this, we observe that there is a natural isomorphism [9] j : Ω n X /(dΩ
Ramark. In fact, [9] uses Ω n X /(dΩ
. In this paper, our convention is to view H (−1) f as a subspace of Brieskorn lattice for convenient. Let H n be the flat bundle over ∆ − {0} associated to the local system of vanishing cycles. Its fiber over p is given by H n (f −1 (p); C). Let H n be the dual cohomology bundle. For each element α ∈ Ω n X /(dΩ
X ), it gives rise to a holomorphic section of H n by restricting α to each Milnor fiber f −1 (p). This defines a map
f . We can write ω = dΩ for some n-form Ω. Since 27) we see that ω (−1) gives a well-defined section [Ω] of H n . This is essentially the period map. Ω is the Gelfand-Leray form of ω (−1) . It is worthwhile to note the analogue of the first descendant form with the algebraic integrable system for Seiberg-Witten geometry [19] .
On the other hand, the Gelfand-Leray form of ω also gives a section of H n
The relationship of these two periods is
Here γ t 1 is a flat family of cycle classes. This equation precisely reflects the identification of Laplace dual variables in (3.22).
Primitive period map Primitive form
Let F : X × M → ∆ be a universal unfolding of f parametrized by M . Let o ∈ M be a reference point such that f = F | X×{o} . We will mainly consider the germ around o. Usually, F can be presented by
where {φ α } is a basis of Jac(f ) and {λ α } gives local coordinates on M . We can similarly define Ω F , H F , H
F , which are family versions of f parametrized by M . For example,
where Ω The family version of the Brieskorn lattice is
which is embedded into the Gauss-Manin system
The manifest z −1 -multiplication is invertible on H F and we can define the z-multiplication
We still denote
is relevant for the period integral over vanishing cycles. Ω F forms a bundle of rank µ over M , equipped with a non-degenerate inner product given by the residue pairing
where C M represents the trivial complex line bundle on M . There exists the flat Gauss-Manin connection on H F which allows us to take derivative along vector fields on M . Explicitly,
and satisfies the following Griffiths transversality condition
In [9] , K. Saito defines a notion of primitive form as a special element of H
F . Its precise mathematical definition is quite involved and come from a solution of Birkhoff factorization problem. We sketch some key properties here. Let ζ be a primitve form.
First of all, if we choose a basis v 1 , · · · , v µ of T M , then the variations
lie in H
F and their projection to Ω F form a local basis of Ω F . This allows us to define a non-degenerate pairing
where we have projected ∇ V i ζ (−1) to Ω F and take the residue pairing η F . The smart choice of primitive form ζ implies that the pairing g ζ defines a torsion-free and flat holomorphic metric on T M . In particular, there exists special flat coordinates {τ α } on M such that
are constants. The flat coordinates τ α are different from the unfolding parameters λ α above and can be chosen to match at the first order
The deformation F usually takes a complicated from in flat coordinates τ α
Secondly, in terms of flat coordinates {τ α }, the geometric oscillatory integral of the primitive form satisfies the quantum differential equation
Here A αβγ (τ ) = A δ αβ (τ )η δγ is the Yukawa coupling of 2d Landau-Ginzburg model that satisfies the WDVV equation.
Thirdly, there exists an endomorphism N ∈ End(T M ) which is flat with respect to the Levi-Civita connection associated to g ζ . Eigenvalues of N are called the "exponents" of f . It is compatible with the flat inner product g ζ in the sense that
In particular, the linear map N − n+1 2 on T M is skew-symmetric with respect to g ζ . When f is a quasi-homogeneous polynomial, the exponents lie between [r, n + 1 − r] where r = i q i . N is diagonalized by the flat coordinates τ α such that
Here Q α is the charge (homogeneous weight) of φ α .
These data lead to the structure of Frobenius manifolds associated to isolated singularities. The above properties are justified with the help of higher residue pairings [9] , which can be viewed as a special lifting of η F on Ω F to the Brieskorn lattice H (0) F .
Period map
Let us now consider the period map associated to a primitive form ζ [9] . Let D ⊂ M be the discriminant locus of F . A point λ ∈ D if the hypersurface F (x; λ) = 0 in X is singular. It is known that D is an irreducible hypersurface. Let
be the complement of D. Over M * , we have the flat homology bundle H n of vanishing cycles and its dual cohomology bundle H n . We are interested in the period map of descendants of the primitive form ζ
Here
means that we take the Gelfand-Leray form of ζ (−k) to get a n-form on each hypersurface F = 0 over λ ∈ M * . Then its integration over vanishing cycles defines an element of the dual H n .
We specialize to the case of our interest when
is odd and f quasi-homogeneous. We fix the flat coordinates τ α associated to ζ.
The first good property of primitive form is that the determinant [9, (3.
dF is constant and is nonzero if there exists no integer exponent in (0, m]. Here γ β (λ) is an integral basis of the vanishing homology. In particular, it is nonzero constant in our case of 3-fold hypersurface singularity (m = 1) when
In the case when the intersection is non-degenerate, we have an induced intersection pairing on H n , still denoted by −, − . It follows from the above formula that
Here (N − m − 1) −1 is the inverse of (N − m − 1), and we have used the fact that
Seiberg-Witten differential
We are ready to discuss the Seiberg-Witten geometry of 3-fold hypersurface singularity. We work with quasi-homogeneous polynomial f (x 1 , x 2 , x 3 , x 4 )
Eigenvalues of N take values in [r, 4−r]. Let us assume the vanishing of mass deformations. This implies the non-degeneracy of intersection pairing on vanishing homology. We are interested in finding the appropriate period map such that (2.12) holds on Coulomb slice. Let τ α = λ α + O(λ 2 ) be flat coordinates on M associated to a primitive form ζ. In terms of 4d rescaling weight, we denote
• Parameters with [τ α ] > 1 are Coulomb moduli. This is equivalent to Q α <ĉ f 2 .
• Parameters with [τ α ] < 1 are coupling constants. This is equivalent to Q α >ĉ f 2 .
• Parameters with [τ α ] = 1 are mass parameters. This is equivalent to Q α =ĉ f 2 .
Remark: Note that we have "corrected" the notions from Section 2.1 using flat coordinates τ α instead λ α . Let U ⊂ M * is a Coulomb slice of M . On U , the coupling constants are fixed to be constants and U is parametrized by the Coulomb moduli (we have assumed the vanishing of mass parameters here). Let us consider the period map
Let us consider the intersection pairing of the tangent map. By (3.43) (m = 1), we find
which is in fact a constant. At the undeformed polynomial f where τ = 0, we have
where φ α , φ β corresponds to the deformation of the Coulomb parameter τ α , τ β . Since
by the description of Coulomb moduli, we have by (3.11) Res f (φ α dx, φ β dx) = 0.
As a consequence, the period map P satisfies the integrability condition (2.12) and embeds U locally as a Lagrangian submanifold of H n . This strongly supports that
Remark: We remark on the difference between three-fold singularity (n = 3) and the Seiberg-Witten curve case (n = 1). When n = 1, the intersection formula (3.43) becomes
This suggests that the appropriate choice of Seiberg-Witten differential
is given by a form Ω such that dΩ = ζ. This is indeed the basic structure of algebraic integrable systems associated to Seiberg-Witten curves. When we lift curve to three-fold by adding two more variables, the identification of higher residue pairings and periods requires a shift of the descendant [9, (2.4.2) ]. This is the reason we find ζ = ζ (0) instead of ζ (−1) in the 3-fold case.
Examples

ADE singularity
We consider
This condition is equivalent toĉ f < 1 which corresponds to ADE singularities. This is the case when marginal deformations (zero scaling parameters) and irrelevant deformations (negative scaling parameters) do not appear. A basis of Jac(f ) is given by
It leads to an unfolding F as described above. For ADE singularities, the primitive form is unique and is given by the trivial volume form [9] 
Note that ζ does not depend on the deformation parameters, which is a special property of ADE singularities.
Simple elliptic singularity
We consider f = x It hasĉ f = 1 and is one of the simple elliptic singularities. This is the case when irrelevant deformations (negative scaling parameters) do not appear. We consider the miniversal deformation
Primitive form of this example is nontrivial and is not unique. They depend only on the marginal parameter λ 8 described as follows. Consider the elliptic curve in P 2 defined by
Let Ω λ 8 be the holomorphic volume form on E λ 8 obtained by the residue
Here the form inside the bracket of the above equation is viewed as a rational 2-form on P 2 in terms of homogenous coordinate with an order one pole along E λ 8 . Its residue gives a holomorphic 1-form Ω λ 8 on E λ 8 . Let γ be a flat family of 1-cycles in H 1 (E λ 8 , Z). It determines a primitive form by [9] 
In particular, the primitive form only depends on the parameter λ 8 . Since H 1 (E λ 8 , Z) has rank 2, we see that the moduli space of primitive forms (up to rescaling) is one-dimensional. The corresponding SW differential is given by Ω = 1
Note that λ 8 is a coupling constant which is fixed on each Coulomb slice. Therefore the Seiberg-Witten geometry on the Coulomb slice can be safely taken to be the naive one Ω → dx 1 ∧ dx 2 ∧ dx 3 ∧ dx 4 dF .
Seiberg-Witten curve geometry revisited
Let us now consider curve singularity, and the Seiberg-Witten differential is given by the Gelfand-Leray form of the first decedent of primitive form (see Remark in Section 3.4). Concretely, we are looking for a one form λ such that dλ = ζ with ζ the primitive form. If the primitive form is trivial, i.e. ζ = dp ∧ dx, then λ = pdx takes the familiar form in the literature. This is indeed the case when we turn off irrelevant deformations as discussed above. In general, the primitive form is nontrivial. Let us now compare our result with the known results in the literature. One can construct a large class of four dimensional N = 2 SCFT by compactifying 6d (2, 0) theory on a Riemann surface with regular and irregular singularity [22, 23] . The SW curve is identified with the spectral curve det(p − Φ(x)) = 0, here p is the coordinate on the cotangent bundle of the Riemann surface and x is the coordinate of Riemann surface, and the SW differential is always the naive one λ = pdx. This seems in contradiction to our proposal that the primitive form is nontrivial and therefore the SW differential is complicated. The resolution for the puzzle is following: the deformation with negative scaling dimension is suppressed in the Hitchin system description, therefore irrelevant deformations are not present, and indeed the SW differential is the naive one! Our result suggests that the SW geometry is much more complicated if we turn on irrelevant deformations.
Conclusion
We have shown that the primitive forms lead to SW differentials for theory defined by three-fold isolated hypersurface singularity with a C * action. This construction provides another way of producing Seiberg-Witten geometry besides the usual Seiberg-Witten curve construction. Let us make some further remarks here:
• Our study suggests that one should identify the UV deformation parameters of the field theory with the special coordinates τ α , and not the natural coordinate λ α in the description of mini-versal deformation.
• Primitive form is in general different from the the naive volume form used in the literature. The complication comes from the irrelevant deformations corresponding to generators of Coulomb branch operators whose scaling dimension is bigger than two, and it is interesting to further understand the physical meaning of these irrelevant deformations 1 Moreover, it exists for any isolated singularity [24] and for a large class of Laurent polynomials with non-isolated singularities [25, 26] .
• The primitive form is not unique in general. Simple elliptic singularity is such an example. They correspond to the choice of monodromy compatible splittings of the Hodge filtration on Brieskorn lattices [9, 24] . A natural one may be chosen either from the limiting mixed Hodge structure [24] or from the tt * -geometry [27] .
